Maximum Network Elow

Network: a directed r-af/w, with two
di.stinjuf.shed vertices, a Source S and
a sink t, and a positive capacity u(y,w)
on each edje (v,W).

A ‘[/OW oh a nc'fwor/(: A nohnegative ﬁmction 1[

on edges bounded abeve b)/ the capacities,
such that the total flow inte any rertex

other than s and egua/.s the total flow out.

N




Maximum 'f/owz a flow that maximizes the
net flow into the sink (which ciual.s
the net fbw out of the .fource.).

Problem: Find a maximum {low in a jiven
”Ct"’o"k; 95 Faz+ gz po::[é!e.

n= #yertices
ms= 4 ealﬂgs

M: m«xin!um edje Cafacit);
(i{ Ca.fac.i‘tie-S are in‘tejerﬁ»



Ford- Fulkerson Method

Residual eﬁje: aloal'r[bju{) such that

() #lzw) < ulyw) Hf(v,w) F u(t;w)'f[v,w)

or

(l.l.) I(V\OV)>O' u‘{,(;:w) & f(vf/V)
Residual network: the network of residual edjes

Thm. A fhw is makimum o there /s no /o“-tA
from stot in the residual network (;m;/;
a Ioat/: S an augmenting pat/a).
J J F
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Ffml" Fu“(&r.son me‘tho 0(1

rc)oea‘t 5(:’/;(1 an aujme.n'tinj fvath

aquent flow

Time: O( rim U)  (not /)c/)/nomia/J need not
terminate o culoacit'ie.s
are irra‘tiona/)
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Maximum How ProMem

Network G=(V, E) , Source s, sinkt
edje capacities  u(vw)  for (v,w) € £

JV,= n l E!’ m U= max [u(v,w)
A.Ssdme network is 5ymmetr:'c:

(vw) € E VfF (wyv) €E

Flow £ : £ >R
fluw) ¢ u(vw)
flyw) =~ #{wy)
eby=Z flw) =0 Vw ¢ {5t

OAJecih/e: maxim ze e(t) (= - E(S))



EA monds ,?/(ar/o: aujmmt alonj shortest {-fcwcst
edges) paths : O(nm?)

.Dini‘t.sﬁ build Shortest Pa't/u sSubnetwork of residual
network find all au mentinj pat/x.r of a
given /cnj'f/x at once: O(n"m)

An ed'jC(VJW) s Sqturgqted l.f 'f(gw)ru(’{u’)

A 5/“/\‘":7 fhw is & {Jow such that every
P“’U‘ 'f"”" s to t contains a Saturated eg'{ja.

Dinits reduced the masimum flow /omllem to
n AIOCJ‘;"J f/cw PNA/GMSI CGCA oh An ac)/;/"c
hetwork.

Finalinj a Abc.kug f/ow /5 easier t/lom, -ﬁndc'r:j [/ 3

maximu m f!ow) at least on an ac}zclic network.



Edmand: £ Karg: ﬂlwa/w 2ugment dlchj 0 shertest
[ fewest eafie.jll Pa-&l\:
O{{’“} Hime per ,Da.’»ﬁ/\ X O,{’m) fmﬁf per /'e,yf-i'\

x O(n) path ’&JU\@ = O(mm') time

Dinic : find all m:/o,wg-".fy /oa't.<5 of a. Jiven
/enjta( at Orce in a phase :
Dfn) #ime per path x O(nmy paths
* Ofm) fime. per phate. «O(n) phate: -

8 (hl,n‘) tim 2
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Iter'ati ve Im,omvem ent:

/ o¢ O”y m‘ot‘.r'f\/ The currmt SoluNon
tv o'ai‘orwe 4

Successive APmeimation:
solve Succtiiidﬁy cbser q/ﬂfoximn,a},"m,:
of e original 'prtblem_ usin_) PY-YaN
sodlon as a stprting ,m}\‘f For The
renT pmblem | ‘

Data Structures:
resent relevpnT informanaen
about e current Flow \Aan
‘t”ro( rigit wpy



Freflow Push AFPrwoack (Gblo( be':]>
Tm J Aeas:
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Predflow (Karzanov)= like a flw except that the
total £low inte a vertex can exceed the total

fhw out.

Avertex ¥t with extra incomin flow is active. The
het /'nanmc'nJ /]bw e[v} (s t/.e excess 6/ vertex v.

Idea: move flow excess toward sink along estimated
shortest paths. Move &xcess that cannet reach

the sink back to the source, also aleng esiimated
S/\or"te_.f't_ Pm‘.lls.

To estimate /Ja‘tli /cnjt‘15~' a V‘["J /gée./in; 'S5 an

I'nfejer fcmf-ﬁon o on vertices Such that:

() dt)=o
i d@)n
(l'i‘j d(v)‘o‘(w)éj e “f[‘fow) >0

d(v) JA bwer bound on the mini mum 01[
Adistance ‘o ‘f:.‘P n+ distance to &S

%%%%%




A{jori‘tl\ m

1. Saturate all edjes /eaw'nj S. Ghosse initial A.
2. Repeat Ia.usA and relabel steps (n any order
untrl ne vertex s active.

push (v,w)
if v is achive, up (hw) >0, and A (v)= A ()4
then move ,/; &0 min felv), Us Gw) ] unts of
o w from vy To w(t/le.f,ms/n Y 1 _.ggtagqgg_‘j i f
e a{Q w) units are ‘movcol)k .
refalc./ [ y).’ o
s active and K all (68, u, (@) 70 or Afe) s Al
then [et Av) = min fd(w)d/ s (vw) >0}
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Bounds
Every active vertex has a label of at most 2n-1:
there is a/wa):s a residual PaH\ 40 S.

> o(n?) re/abclfnjs, ‘Lakinj O(nm) time.

Between sat uratinJ pushes t/\rogh the same eage) ends
of eJJe. must be relpbeled

> O(nm) Saturm‘_inj /Jus/.es,

The heasl of The @nAlyses 5 v bouncliay
T™he (unbe afnonsa-turamf_\J pushes.



Goperic Bound : O(nlm)

PF. Define 3= 2 Al

v active
0¢ _@\" In. A mnsatum{i?j le, decrease; B by on=.
Increazet 4o $: O(n’-) in total due to r‘c/.abe.!inl]s,
O(h"m} due to Saiuratirzj pushes:

Ofn) per saturating push.

= ) /nzm) mnmtum%‘.in? /)usl.es.



FIF) Method

Maintain 4 gueue of active vertices.
A/way: push rsm the vertex on +he frant of the Zueug‘

Add new/)/ active vertices o the rear of the quede..

Ana.’}/sij
Phases: Pﬁase 1= /Dr‘ocs:f:'r:] of verticer or;']ina{l’ on ,iucue.
P}-M‘c 1+1 = P""gf;’fj of vertices added to 1:43'46
duri,y P/\a:e. /.
On.{y one mn:a-tumti/y pwih per vecter per /;/\ase:
Suh fm’h refuces 4he execess to zerm and

2m oves f/c vertex fom the gueus.
v



O( n*) hound on # phases

Define D= max df). 0£ 3¢ 2n,

v active

A phase  reduces i L}’ one unless a ra/daliy
Oceurs.

Al ncresse in s Aue 4o m/da/;qu) tot als O(h").

The number of phases in which B joesnt charge i alio O/

= O( hz) 1ot 4/ ipl'\afef.

= O/n) nonsa'f:ura‘t/’nj Pu:’ACS.



AAuJ'a» Orlin Excess Scal.'rj

Ma;ntain A) An uP‘pu‘ AOMO{ on max éxcess
Maintain fh":ejral.'ty of flow,

After each Plsas&, N'.placc A ‘/ Alr.

Stop when A<,

Push fram o vertex v of ampllest d(v) with
e(v)> Afr.

When pushing from v to w#i, move

min [e(), U (yw), A= e(u)}



Analysis
Lach nonsa-l:uraifnj pu;k moves at lea:’t

4/7 it o{ [Lw

Let  $= 7' ety dtn)/a

vV active

0 éj‘i <Jn

Each honcm‘:ura{;ry PM}\ Aecreadses @ t‘)/ > 12,

Incmas&: n §’ O(n") as’s’ot;fafeo( wfﬂ re,/ale/{nj.

O(nl‘) Peaf‘ pI\a{& Hrom cj\uve in /).
O(fgj M) Pka*;e! =

O(hlloﬂu) hth'a:\‘-M"afﬂy Pv\d\es



Satura.t{nj PMA“ = O(nm)

Noh Saﬁuraf.fﬂj Pu;ko.: z O(,\" }o‘, L()
Lan these estimates be balanced ?

Yes: C‘\anJc, a(yorf}hm :maLe _a’ll Pu\f/s&s large
enoujl\ $Y rc,'éaiy\;v enovl‘ excess tfo

:'h\n\eo(faﬁe(y Caturate VC7'5m¢”v6a'pa5ffr 80!}&5.

# pushes = O ( hgh'm'h'(/?]u Ih’)

C/\er'f)'an ~ MeAlhorn

What about r‘e/ube,l.'v time .?.?



APPraffid‘f-C veriions af the Pm.f/cw /ou:/\
method are en-,f/ {a irv)olcmem'_ anof very fait /o pad‘c.e-‘.
l/"‘ll'f' times faster than Dinjc an reaxiomable cluirer of

Jra,o/\s.

I mpertant hesristic: Per)‘o/;cgly Gmpute ﬁyAt Aistance lakel;

wing breadth-ficit searsh, (Othecwise the rel abeding
time is teo A:‘,A )

The FI50 ﬂj ]ar;ﬂ,m can be /Dmlgf 2ol : /bqu fosen Al pobie

verdizes ak onze. T4 jeems 42 ,7"""' Arastic geeAhnss in

P’ﬂ-’-ﬁ 22,

W/‘e.-tlwn y(ynﬁam'_/, im;" Ae/() In V‘a7 cla,\]e ,f‘f’A; A‘:" not

'y,g;f A&ﬁﬂ S’iﬂﬂl"’/



Max £ low

"Best knewn bownd

O (m'vn 5 nz/g, mlh'g m 103 (nl/m) /Oj L()

Go/d}_)arj + RqQ} 1‘7‘77



